Abstract. Set optimization is an indispensable part of theory and method of optimization, and has been received wide attentions due to its extensive applications in group decision and group game problems. This paper focus on the continuity of the strict (weak) minimal solution set mapping of parametric setvalued vector optimization problems with the lower set less order relation. We firstly introduce a concept of strict lower level mapping of parametric set-valued vector optimization problems. Moreover, the upper and lower semicontinuity of the strict lower level mapping are obtained under some suitable conditions. Lastly, the sufficient condition for the continuity of the strict minimal solution set mappings of parametric set optimization problems are established by a new proof method, which is different from that in [27, 28] .
1. Introduction. For the past few years, set-valued optimization problems, which have received an increasing attention, are applied in many fascinating fields, such as viability theory, robust optimization, optimal control, mathematical economics; see e.g., [15] . For the sake of getting the better solutions of set-valued optimization problems, there exist two different types of criteria. One criterion consists of looking for efficient solutions of the image set and is called vector optimization criterion. Another criterion is based on a comparison among the values of the objective setvalued mapping and is called the set optimization criterion.
Kuroiwa [19, 20] firstly introduced and studied the set optimization criterion, which is based on a comparison among the values of objective set-valued mapping. The method seems to be more natural and interesting than conventional methods, whenever one needs to consider preferences over sets. Since then, the optimality, convexity, well-posedness, existence, duality, scalarization and algorithms in set optimization problems have been studied under different kinds of set order relations; see, e.g. [1, 3, 4, 5, 7, 8, 9, 10, 11, 13, 14, 16, 24, 25, 29] and the references therein.
It is well-known that stability is very important topic in the theory and method of optimization and related problems. Particularly, the continuity of solution mappings is one of the important contents in stability theory of optimization problems. Many scholars studied various continuity of solution set mappings of parametric single-valued optimization problems; see e.g., [12, 17, 18, 21, 22, 23, 26, 30] and the references therein. Although there are few results on stability for parametric set optimization problems, these are not abundant and need to further study the stability of parametric set optimization problems via set order relations. Especially, we are interested in how the solution set mappings vary with changes in the parameters, which is known as continuity of solution set mappings. Due to the absence of some topological properties, it is harder to study the continuity of the solution set maps of parametric set optimization problems than that of single-valued optimization problems.
Recently, Xu and Li [27] adopted a direct proof method and obtained the continuity of the minimal solution set mappings to parametric set optimization problems by using the upper set less order relation. Xu and Li [28] further introduced a ulower level map and applied it to weaken and modify the assumptions of Xu and Li [27] , and derived the continuity of the minimal solution set mapping.
Naturally, can we study the continuity of the minimal solution set mappings to parametric set optimization problems by using the lower set less order relation, especially in the strict (weak) lower set less order relation. Moreover, we found that the proof method for lower semicontinuity of the minimal solution set mappings of parametric set optimization problems [28] can not apply to the lower semicontinuity of its the weak minimal solution set mappings.
Motivated and inspired by the above works [27, 28] , this paper intends to study the continuity of the strict (weak) minimal solution set mapping of parametric setvalued vector optimization problems with the lower set less order relation. We also introduce a concept of strict lower level mapping of parametric set-valued vector optimization problems, and then, the upper and lower semicontinuity of the strict lower level mapping are obtained under some suitable conditions. Finally, the sufficient condition for the continuity of the strict minimal solution set mappings of parametric set optimization problems are established by a new proof method, which is different from that in [27, 28] .
2. Preliminaries. Throughout this paper, without otherwise specified, let X, Y and Z be real normed spaces, Ω be a nonempty subset of X, K ⊆ Y be a closed, convex and pointed cone, and Λ be a nonempty subset of Z. The family of all nonempty subsets in Y is denoted by 2 Y and S ⊆ 2 Y . Let A, B ∈ 2 Y . The lower set less order relation and strict lower set less order relation on 2 Y are induced respectively by K and intK as follows: Definition 2.1. [19, 20] A set A ∈ S is said a strict l-minimal set of S iff, B ≺ A for some B ∈ S implies A ≺ B.
Denote the family of strict l-minimal sets by l-SMin S.
Let M be a nonempty subset of X and F : M → 2 Y be a set-valued mapping. We recall the general set optimization problem with respect to the lower set less order relation:
In the reality, many practical problems always are perturbed by some other factors. So it is necessary to study the stability of solution sets of perturbed problems. In this paper, we focus on the following parametric set optimization problem with respect to the lower set less order relation:
where M : Λ → 2 Ω and F : Ω × Λ ⊆ X × Z → 2 Y are set-valued maps. For each λ ∈ Λ, we denote the strict l-minimal solutions set of (l − P SOP ) by S ≺ (λ). In the following, we always assume that S ≺ (λ) = ∅ for each λ ∈ Λ, and define the strict lower level mapping L
Let us first recall some basic notions and well-known results.
Definition 2.2. Letx ∈ M .x is said to be a strict l-minimal solution of the
It follows from Definitions 2.1 and 2.2 that ifx is a strict l-minimal solution of the problem (l−SOP ) and y ∈ M such that F (y) ≺ F (x), then y is also strict l-minimal solution of the problem (l − SOP ). Particularly,
X is said to be:
(iii) continuous atλ iff, it is u.s.c and l.s.c atλ;
X is l.s.c atλ if and We next present some properties of u.s.c and l.s.c in the limit of sequences.
X be a set-valued mapping andλ ∈ Λ. The following assertions hold:
(i) G : Λ → 2 X is l.s.c atλ if and only if for any sequence (λ n ) ⊆ Λ with λ n →λ and anyx ∈ G(λ), there exists x n ∈ G(λ n ) such that x n →x.
(ii) If G : Λ → 2 X is compact-valued atλ, then G is u.s.c atλ if and only if for any sequence (λ n ) ⊆ Λ with λ n →λ and any x n ∈ G(λ n ), there existx ∈ G(λ) and a subsequence (x n k ) of (x n ) such that x n k →x.
Main results.
In this section, we shall study the upper and lower semicontinuity of the strict lower level mapping L ≺ F (·, ·) in the first part. By the semicontinuity of L ≺ F , we discuss the upper and lower semicontinuity of the strict l-minimal solutions mapping S ≺ (·) of (l − P SOP ) in the second part. 
Assume that M is u.s.c and compact-valued at λ 0 and that F is continuous and compact-valued on
Since the mapping M is u.s.c and compact-valued at λ 0 , from Lemma 2.4, there exists x 0 ∈ M (λ 0 ) and a subsequence (x n k ) of (x n ) such that
i.e.,
Since F is u.s.c and has compact values on M (λ 0 ) × {λ 0 }, then lim sup
Namely, one has lim sup
It follows from (3.3) that lim sup
F (x n , λ n ) + intK.
i.e., lim sup (yn,λn)→(y0,λ0)
From (3.4), (3.5) and (3.6), we have
We next give an example to show the upper semicontinuity of L
It is easy to check that all assumptions in Proposition 1 are satisfied. After calculation, 
Since M is u.s.c and compact-valued at λ 0 , there exist x 0 ∈ M (λ 0 ) and a subsequence (x n k ) of (x n ) such that x n k → x 0 . It follows from (3.8) and the continuity of
Since F (·, λ 0 ) is strictly K-quasiconvex on M (λ 0 ) and M (λ 0 ) is a convex set, one has
and there exists a positive real number ρ with 1 ≥ ρ ≥ α such that
Let us show that there exists a positive integer N 1 such that x n ∈ L ≺ F (y n , λ n ), when n > N 1 . Since F is u.s.c at (y 0 , λ 0 ) and F (y 0 , λ 0 ) is a compact set, for any sequence (z n ) with z n ∈ F (y n , λ n ), there exist y ∈ F (y 0 , λ 0 ) and a subsequence (z n k ) of (z n ) such that z n k → y . Without loss of generality, suppose that z n → y . Note that F (y 0 , λ 0 ) ⊆ F (αx + (1 − α)x , λ 0 ) + intK. Therefore, there exists h 0 ∈ F (αx + (1 − α)x , λ 0 ) such that
Since αx +(1−α)x ∈ M (λ 0 ) and F is l.s.c at (αx +(1−α)x , λ 0 ), for any sequence (x n , λ n ) with (x n , λ n ) → (αx + (1 − α)x , λ 0 ), there exists h n ∈ F (x n , λ n ) such that h n → h 0 . Then there exists a positive integer N 1 such that
(3.10)
Since x n → αx + (1 − α)x , there exists a positive integer N 2 such that
It follows from (3.9), (3.10) and (3.11) that for n > max{N 1 , N 2 },
We now present an example to show the lower semicontinuity of the lower level set mapping L and
It is easy to check that for each (
It is worth noting that in Example 3.2, the strict lower level mapping
Continuity of the strict l-minimal solutions mapping S ≺ (·). In this subsection, we further discuss the continuity of the strict l-minimal solution set mapping S ≺ (·) of (l − P SOP ).
Proposition 3. Let λ 0 ∈ Λ. Assume that M is continuous and compact-valued at λ 0 and that F is continuous and compact-valued on
Proof. Suppose that S ≺ (·) is not u.s.c at λ 0 . Then there exists a neighborhood W 0 of S ≺ (λ 0 ), and for any neighborhood V of λ 0 , there exists λ ∈ V such that S ≺ (λ ) ⊆ W 0 . This means that there exists a sequence (λ n ) with λ n → λ 0 such that S ≺ (λ n ) ⊆ W 0 . Hence, there exists x n ∈ S ≺ (λ n ) such that
Since x n ∈ S ≺ (λ n ), then x n ∈ M (λ n ). Since M is u.s.c and M (λ 0 ) is compact, then there exists x 0 ∈ M (λ 0 ) and a subsequence (x n k ) of (x n ) such that x n k → x 0 . Without loss of generality, let x n → x 0 . Next, let us prove that x 0 ∈ S ≺ (λ 0 ). Suppose that x 0 / ∈ S ≺ (λ 0 ). This implies that there exists y 0 ∈ M (λ 0 ) such that F (y 0 , λ 0 ) ≺ F (x 0 , λ 0 ) and
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Namely,
and
Since M is l.s.c at λ 0 , then there exists y n ∈ M (λ n ) such that y n → y 0 . We claim that
Since F is u.s.c and compact-valued on M (λ 0 )×{λ 0 }, then there exist v 0 ∈ F (x 0 , λ 0 ) and a subsequence (v n k ) of (v n ) such that v n k → v 0 . Without loss of generality, we assume that v n → v 0 . It follows from (3.13) that there exists u 0 ∈ F (y 0 , λ 0 ) such that
Since F is l.s.c on M (λ 0 ) × {λ 0 }, there exists u n ∈ F (y n , λ n ) such that u n → u 0 . Then (3.17) implies that v n − u n ∈ intK for sufficiently large positive integer n, which contradicts (3.16). So (3.15) holds, i.e., F (y n , λ n ) ≺ F (x n , λ n ). Again, from x n ∈ S ≺ (λ n ), one has
and so,
Since F is continuous and compact-valued on M (λ 0 ) × {λ 0 },
which contradicts the fact that F (x 0 , λ 0 ) ≺ F (y 0 , λ 0 ). Hence, x 0 ∈ S ≺ (λ 0 ). In turn, since x n → x 0 and S ≺ (λ 0 ) ⊆ W 0 , then x n ∈ W 0 for sufficiently large n, which contradicts (3.12). 
Proof. From Proposition 3, we only need prove the lower semicontinuity of S ≺ (·). For any given x 0 ∈ S ≺ (λ 0 ), one has x 0 ∈ M (λ 0 ) because of S ≺ (λ 0 ) ⊆ M (λ 0 ). Since M is l.s.c at λ 0 , it follows from Lemma 2.4 that for any sequence (λ n ) with λ n → λ 0 , there exists
Since x n → x 0 and λ n → λ 0 , there exists some positive integer N , such that (x n , λ n ) ∈ V 0 × U 0 for all n ≥ N , and so, W L
Let us show that x n ∈ S ≺ (λ n ). Suppose that x n ∈ S ≺ (λ n ). This means that there exists y n ∈ M (λ n ) such that
Since M is u.s.c with compact values at λ 0 , there exists y 0 ∈ M (λ 0 ) such that y n → y 0 (if necessary, taking the subsequence (y n k ) of (y n )). By Proposition 1,
such that x n → x (If necessary, taking the subsequence (x n l ) of (x n )). From the proof of Proposition 1 and (3.19), we have
Let us prove that x ∈ S ≺ (λ 0 ). Suppose that x ∈ S ≺ (λ 0 ). This implies that there exists y ∈ M (λ 0 ) such that
. This together with x 0 ∈ S ≺ (λ 0 ) that
Hence, it follows from (3.22) and (3.23) that F (y, λ 0 ) ⊆ F (x , λ 0 ) + intK, i.e., F (x , λ 0 ) ≺ F (y, λ 0 ), which contradicts the fact that F (x , λ 0 ) ≺ F (y, λ 0 ). Consequently, x ∈ S ≺ (λ 0 ). It follows from (3.20) and x ∈ S ≺ (λ 0 ) that y 0 ∈ S ≺ (λ 0 ) and
Since F is u.s.c and compact-valued at M (λ 0 ) × {λ 0 }, there exists v 0 ∈ F (y 0 , λ 0 ) and a subsequence (v n k ) of (v n ) such that (v n k ) → v 0 . It follows from (3.24) that there exists u 0 ∈ F (x , λ 0 ) such that
Since F is l.s.c at M (λ 0 ) × {λ 0 }, there exists u n ∈ F (x n , λ n ) such that u n → u 0 . Now (3.26) implies that v n − u n ∈ intK for sufficiently large n, which contradicts (3.25). Hence, x n ∈ S ≺ (λ n ). This together with x n ∈ W L ≺ F (x n , λ n ) yields that x n ∈ S ≺ (λ n ).
Combining Lemma 2.4 with x n → x 0 and the arbitrariness of x 0 ∈ S ≺ (λ 0 ) and (λ n ) with λ n → λ 0 , we deduce that S ≺ (·) is l.s.c at λ 0 . Altogether, S ≺ (·) is continuous at λ 0 .
The following result is directly derived from Proposition 3.3.
and M (λ 0 ) be a convex set for each λ 0 ∈ Λ. Assume that the following conditions are satisfied: (i) M is continuous and compact-valued on Λ; (ii) F is continuous and compact-valued on Graph M := {(λ, x) : x ∈ M (λ)}; (iii) for each λ 0 ∈ Λ, F (·, λ 0 ) is strictly K-quasiconvex on M (λ 0 ). Then, S ≺ (·) is continuous on Λ.
We next present an example to show the continuity of S ≺ (·). i.e., for each λ ∈ Λ, F (·, λ) is strictly K-quasiconvex on M (λ) (see, Figure 1 ). After calculation, S ≺ (λ) = 0 for all λ ∈ Λ. So, S ≺ (·) is continuous on Λ. Remark 2. It is worth noting that the continuity of solution mapping of parametric set optimization problems has been considered in [27, 28] by using the upper set less order relation and the strict upper set less order relation. While we considered the continuity of solution mapping of parametric set optimization problems by using the strict lower set less order relation. On the other hand, the conditions in this paper are different from that of [27, 28] since we do not involve the weak u-property of F . Moreover, we adopt new proof methods for proving the lower semicontinuity of solution mapping S ≺ (·) without involving apagoge (see, Theorem 3.3) and the lower semicontinuity of L ≺ F (·, ·) (see, Proposition 2), which are different from the proof methods of [27, 28] .
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